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We study the percolation of a quantum particle on quasicrystal lattices and compare it with the
square lattice. For our study, we have considered quasicrystal lattices modelled on the pentagonally
symmetric Penrose tiling and the octagonally symmetric Ammann-Beenker tiling. The dynamics
of the quantum particle is modelled using continuous-time quantum walk (CTQW) formalism. We
present a comparison of the behaviour of the CTQW on the two aperiodic quasicrystal lattices and
the square lattice when all the vertices are connected and when disorder is introduced in the form
of disconnections between the vertices. Unlike on a square lattice, we see a significant fraction of
quantum state localised around the origin in quasicrystal lattice. With increase in disorder, the
percolation probability of a particle on a quasicrystal lattice decreases significantly faster when
compared to the square lattice. This study sheds light on the minimum fraction of disconnections
allowed to see percolation of quantum particle on these quasicrystal lattices.
I. INTRODUCTION
The dynamics of particles in random media is described
quite well by percolation theory [1–4]. It is now a well es-
tablished subject of research interest and has found appli-
cations across all disciplines of research field [5, 6]. How-
ever, when the particle under consideration is a quantum
particle, the rules of its dynamics are defined by quantum
dynamics, it will have an added effect of quantum inter-
ference. A well-known consequence of interference ef-
fect on quantum particle in disorder media on an infinite
size lattice is Anderson localization [7–9], a phenomenon
where the interference of different phases picked up by
the quantum particle travelling along different routes in
a random or disordered system leads to strong localiza-
tion of the particle’s wave-function around the origin.
This effect has also been experimentally observed in some
disordered systems [10–13]. However, on a finite size sys-
tem with a very small disorder, the spread of the tail
of the wave-packet allows for some small probability of
finding the quantum particle at some distance beyond
the origin [14, 15]. This makes quantum percolation a
more interesting field of research leading to behaviours
in the dynamics that are not seen in its classical counter-
part [16–21].
Quantum walk [22–26], a quantum mechanical ana-
logue of classical random walk is one of the efficient
ways to model the controlled dynamics of a quantum
particle. It has also been efficiently used to develop
many quantum algorithms [27–31] and schemes for quan-
tum simulations [32–37]. The quantum walk has been
described in two prominent forms, the continuous-time
quantum walk (CTQW) and discrete-time quantum walk
(DTQW). Quantum interference is a dominating factor
in dynamics of quantum walks and by introducing disor-
der into the dynamics, localization of quantum states has
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been demonstrated [38–40]. Therefore, quantum walk is
one of the most suitable ways to study the dynamics of
quantum particle on various lattice. In this work we use
CTQW to describe the dynamics of quantum particle on
quasicrystal lattice and study quantum percolation.
Quasicrystals do not show periodicity and have no long
range translational symmetry. Yet they present long-
range order and have a well-defined Bragg diffraction
pattern [41–47]. The diffraction patterns from quasicrys-
tal lattices reveal fivefold, eightfold and tenfold symme-
tries that cannot originate from a periodic arrangement
of unit cells. It has been demonstrated that quasicrys-
tal lattices may be seen to originate from a projection of
a periodic lattice in a higher dimension [48–51]. In this
paper, we consider lattices based on fivefold (pentago-
nally) symmetric Penrose tiling [48] and eightfold (octag-
onally) symmetric Ammann-Beenker tiling [52]. These
tilings are the basis for designing two-dimensional qua-
sicrystals with self-similarity in both real and recipro-
cal spaces. It is more convenient to explore dynamics of
quantum particle on quasicrystals with vertices of differ-
ent degrees via CTQW rather than DTQW, as the latter
would require different dimensional coin spaces at each
vertex. Thus, using CTQW we study quantum perco-
lation on two forms of quasicrystal lattice and compare
the results with the dynamics on the square lattice. We
show that for the square lattice, the wave-packet spreads
away from the origin when compared to the lattice mod-
elled on Penrose and Ammann-Beenker tilings, where a
significant fraction of the wave-packet remains localised
around the origin. With increase in disorder in the form
of disconnections between the vertices in the lattice, irre-
spective of the initial position, the percolation probability
of a particle on both quasicrystal lattices under consid-
eration decreases significantly faster when compared to
the square lattice. This study sheds light on the effect
of disorder on the dynamics of quantum particle on qua-
sicrystal lattice.
This paper is organized as follows. In section II, we de-
fine a CTQW on a graph, and state the conventions used
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2throughout the paper. Section III contains the results of
our numerical simulations of quantum percolation on the
square lattice and aperiodic lattices, along with compar-
isons between the results. We conclude with summary of
our observations in section IV.
(a) (b) (c)
FIG. 1. An illustration of the lattices considered in this paper. Fig. (a) shows a lattice based on a 65 x 65 square
tiling, (b) shows a quasicrystal lattice based on a three-iteration Ammann-Beenker tiling, and (c) illustrates another
quasicrystal lattice based on a four-iteration Penrose tiling. Each lattice has a 15 hopping length percolation test
zone marked about the center.
(a) (b)
FIG. 2. An illustration of the different kinds of points on the lattices considered. Fig. (a) shows the different
possible initial points on the lattice based on Ammann-Beenker tiling, and (b) shows the different possible initial
points on the lattice based on Penrose tiling.
II. CONTINUOUS-TIME QUANTUM WALK
Consider an undirected graph Γ(V,E), where V is a set of
N vertices and E are the edges. Let A be the adjacency
matrix of Γ, defined as
Aij :=
{
1 edge (i, j) ∈ E
0 otherwise
. (1)
The resulting matrix A is a real-valued matrix, symmet-
ric about the main diagonal. The vertices are labelled
by the computational basis states {|1〉 , |2〉 , ..., |N〉}, and
the quantum state of the entire graph at any time t is
represented by a normalized vector |ψ(t)〉, defined to be
|ψ(t)〉 =
N∑
l=1
αl |l〉 αl ∈ C. (2)
While classical Markovian processes obey the master
equation, the CTQW obeys the Schro¨dinger equation,
and the state |ψ(t)〉 transforms with time as,
i~
∂
∂t
|ψ(t)〉 = HΓ |ψ(t)〉 . (3)
where HΓ is the Hamiltonian matrix, defined for the
3graph as
H = γL = γ(D −A),
=⇒ Hij =

−γ i 6= j, (i, j) ∈ E
0 i 6= j, (i, j) /∈ E
diiγ i = j
. (4)
In the preceding expression, D is a diagonal matrix with
the diagonal element dii being the degree of vertex i, γ
is a finite constant characterizing the transition rate on
the graph Γ, and A is the adjacency matrix. For the
purposes of this work, γ has been taken to be 1.
The Hamiltonian is time-independent, and thus the
formal solution to Eq. (3) is given by the time evolution
operator U , defined as,
U = e−iHΓt, (5)
in the units of ~. Since the Hamiltonian is real and sym-
metric (and hence Hermitian), U is necessarily unitary,
and thus the norm of |ψ(t)〉 is conserved, as is required
for a CTQW.
The initial state of the particle is completely localised
at one particular vertex. We define a subset of the ver-
tices around the initial vertex that may be reached in a
certain number of steps. We use CTQW to study the
dynamics of percolation of this particle. To simulate the
effect of disorder on the system, we randomly remove a
certain fraction of the edges, which we term as edge dis-
connection fraction. We then let the particle perform a
CTQW as usual on this graph. The probabilities from a
number of runs are averaged to get a general estimate of
how the percolation changes by changing the amount of
disorder.
For the purposes of this paper, we have considered a
hopping zone of length 40, and the particle is considered
to have percolated if ≥ 2% of its total probability lies
outside the hopping zone.
III. QUANTUM PERCOLATION USING CTQW
Fig. 1 shows the illustration of the three lattices we
have considered in this paper. The representations built
here are so that the viewing is more convenient. The
actual calculations have been done on a 41-iteration
Ammann-Beenker tiling and a 7-iteration Penrose tiling.
The Ammann-Beenker tiling is octagonally symmetric,
with square and rhombuses as its basic elements. There
are different kinds of points in the Ammann-Beenker
tiling, which are divided into categories as shown in
Fig. 2 (a). The pentagonally symmetric P3 Penrose tiling
is formed by using fat and thin rhombi as the basic ele-
ments. The different kinds of points in the Penrose tiling
are shown in Fig. 2 (b).
FIG. 3. Evolution of the probability distribution on a
30x30 square tiling with time by CTQW of a point
initially in the center. The probability of the particle
shows a wide and quick spread from the center.
FIG. 4. Evolution of the probability distribution on a
three iteration Ammann-Beenker tiling with time by
CTQW of a point initially in the center. The
Ammann-Beenker tiling shows a strongly localised
component at the center. The localised component has
a higher proportion of the total probability compared to
the delocalising component as compared to the square
and Penrose tilings.
A. Probability distribution of the CTQW
In this subsection, we take a look at the probability
distribution of the particle whose evolution is described
by the CTQW on the three types of lattices considered.
From Figs. 3, 4 and 5, we observe that the probability
amplitude spreads much faster on a square tiling than in
an Ammann-Beenker or a Penrose tiling. On both the
quasicrystal tilings we see a significant fraction of am-
plitude being around the origin ever after evolving for
4FIG. 5. Evolution of the probability distribution on a
four-iteration Penrose tiling with time by CTQW of a
point initially in the center. The Penrose tiling shows a
clear indication of localised and delocalised components,
and the former is observed to localise at the center,
while the latter spreads out. The proportion of the
delocalised component to the localised component for a
Penrose tiling is higher compared to the
Ammann-Beenker tiling, as shown in Fig. 4.
some time t. Among the two quasicrystal tilings, signa-
ture of the particle wave-packet being localised around
the origin is more prominent in Ammann-Beenker lattice
(Fig. 4) when compared to the Penrose lattice (Fig. 5).
Choosing different kind of points in the quasicrystal tiling
as initial position of the walker will alter the probability
distribution, however, an overall behaviour will not see
an significant change. This becomes more evident when
we study the percolation probability when we have no
disorder or disconnections in the lattice structure, in the
following section.
B. Evolution of percolation probability with time
Spread of the probability distribution with time on a
finite sized tiling is studied by taking tiling in the form
as illustrated in Fig. 1. The probability of finding the
particle outside the hopping zone is termed as percola-
tion probability. On a well connected tiling without any
disconnection between the vertices, at the edge of the
hopping zone, we will see the effect of quantum state
hopping in and out of the hopping zone, in the form of
oscillations in the percolation probability. However, with
time the propagating part of wave-packet would move
away from the hopping zone and the oscillation should
diminish with time. This is prominent for a square lattice
as shown in Fig. 6. With increase in fraction of disorder
in form of disconnections between the vertices in lattice
we see a decrease in percolation probability, showing the
signature of a fraction of the wave-packet being trapped
around the disconnected vertices. For the plots with dis-
connections, we do not see any oscillation in probabil-
ity distribution and this is due to effect of averaging, as
we have averaged the probabilities over 50 runs. Even
though the fraction of disconnections is fixed, the posi-
tions of disconnections are different during each run. For
very small amount of disconnections, the probability of
being found in a particular region reaches an equilibrium
value faster time t. For a lattice with a high amount of
disconnections, the time taken to saturate to an equilib-
rium value is very high, and effectively, the probability
of percolation does not saturate in a practical time scale.
FIG. 6. Probability of finding the particle outside the
test zone in a 100x100 square tiling where the different
test zones are defined based on hop-lengths from center.
The test zones are 20, 30, 40, and 50 hop lengths as
shown in the legend. The plots are produced for
different amounts of disconnections. Going clockwise
from the top left, they represent 0%, 5%, 10%, and 30%
disconnections in edges. It is seen that the percolation
probability shows a pattern of diminishing oscillations
for no disorder, but seems to saturate when a small
amount of disconnections are introduced. For the case
of high amount of edge disconnections, the percolation
probability does not seem to saturate.
FIG. 7. Percolation probability with time for different
points on the Ammann-Beenker tiling with no
disconnections. The evolution of percolation probability
with time depends heavily on the selection of initial
points. The percolation probability with initial point as
either P1 (central) or P3 shows a saturating behaviour
as compared to the other points.
5FIG. 8. Percolation probability with time for different
points on the Penrose tiling with no disconnections.
The selection of initial points plays a significant role in
the evolution of percolation probability with time, and
selecting S5 (central) as the initial point results in the
lowest percolation probability.
FIG. 9. Percolation probability with time for different
points on the Ammann-Beenker tiling with (a) 1%
disconnections (b) 10% disconnections in a test zone of
hopping distance 40. A clear demarcation in the
evolution of percolation probability is observed for the
cases when the initial points are P1 and P1 (central)
and when other points are chosen in Fig. (a). In the
case where a high amount of disorder is present, as
shown in Fig. (b), there is no saturation, and the
difference becomes smaller.
Initial position of the particle on a quasicrystal lattice
plays a noticeable role on the percolation probability of
the particle. In Fig. 7 and Fig. 8 we show the evolution
of percolation probability with time for different start-
ing points on a well connected Ammann-Beenker and
Penrose tiling, respectively. One can notice that even
without any disconnections we can see a significant dif-
ference in finding the probability of particle outside the
hopping zone depending on the starting point of the par-
ticle. Overall a general behaviour indicates a better per-
colation probability on an Ammann-Beenker tiling than
FIG. 10. Percolation probability with time for different
points on the Penrose tiling with (a) 1%, and (b) 10%
edge disconnections in a test zone of hopping distance
40. It is observed here that when the amount of
disconnections in increased, the probability of
percolation decreases, and the differences between the
curves also become smaller.
on a Penrose tiling.
In Fig. 9 and Fig. 10 we show the percolation prob-
ability with time on an Ammann-Beenker and Penrose
tiling, respectively with disconnections of 1% and 10% of
total edges between the connected vertices. The choice
of the starting point of the particle reflects exactly the
same way as it was for dynamics without any disconnec-
tions, and an overall decrease in percolation probability
with increase in disconnections is clearly evident.
FIG. 11. Percolation probability with fraction of edge
disconnections in a 100x100 square tiling for different
hopping distance after time 200. Percolation probability
is defined to be the probability of the particle being
found outside the test zone (defined by the hopping
distance). The percolation probability vanishes at 50%
disconnections.
6FIG. 12. Percolation probability with fraction of edge
disconnections in an Ammann-Beenker tiling in a test
zone of hopping distance 40. The probability of
percolation depends on the choice of the starting point,
and also vanishes faster as compared to the square
tiling.
FIG. 13. Percolation probability with edge
disconnection fraction in a Penrose tiling for various
initial points in a zone of hopping distance 40. The
probability vanishes for each choice of initial point
faster than that of square tiling.
C. Evolution of percolation probability with edge
disconnection fraction
To understand that the effect of disorder on the perco-
lation probability we will look into the effect of edge dis-
connection fraction on the percolation probability. This
will allow us to identify the fraction of disconnections al-
lowed to see the percolation of quantum state on these
lattices. In Fig. 11 we show the percolation probabil-
ity with increase in fraction of edge disconnections on a
square tiling with different hopping distance. The proba-
bility of percolation vanishes after the fraction of discon-
nections exceed 50% for all considered test zones. How-
ever, with increase in hopping distance, only a lower frac-
tion of edge disconnection allows percolation of quantum
states.
In Figs. 12 and 13 we show the percolation probability
for a particle walking on Ammann-Beenker and Penrose
tilings as a function of fraction of edge disconnections.
The percolation probability depends on the choice of the
starting point, however, it vanishes after about 32% and
40% of edge disconnections are introduced in Amman-
Beenker and Penrose tilings, respectively.
In Fig. 14 we show a comparison of the results obtained
by simulating the CTQW on different tilings with differ-
ent starting points. We have considered the percolation
probability with time for different values of edge discon-
nection fraction and the behaviour of percolation proba-
bility with edge disconnection fraction for time 200. On
comparison we can say that the percolation probability
on square tiling is always higher that the two quasicrys-
tal tilings and percolation probability on Penrose tiling
is higher than on the Amman-Beenker tiling.
IV. CONCLUSION
In this work, we have simulated the behaviour of a par-
ticle performing a CTQW on lattices modelled on Pen-
rose and Ammann-Beenker tilings. We have then com-
pared the results to those seen on a square lattice. It
is clearly seen that due to the aperiodic nature of the
Penrose and Ammann-Beenker tilings, the selection of
the initial point plays a significant role in the percolation
behaviour of the particle.
In order to study the dynamics of percolation on dif-
ferent lattices, we have numerically evaluated the perco-
lation probability with time for different values of edge
disconnection fraction, and as a function of edge discon-
nection fraction as well. It is seen that the probability
of a particle to percolate out of a test zone on a square
lattice shows a pattern of oscillations with reducing am-
plitudes with time. The probability for a square lattice
also seems to saturate when a small amount of disorder
is introduced.
For the case when the walk takes place on an aperiodic
tiling, the particle shows a significantly lower probabil-
ity to percolate out of the test zone. The Penrose tiling
shows a higher probability of percolation compared to the
Ammann-Beenker tiling, but the difference is very slight
and reduces as the amount of disorder increases. Com-
pared to the square tiling, for all possible initial positions
on the aperiodic tilings, the probability of percolation re-
duces faster as the amount of disorder increases.
It can therefore be concluded that quasicrystal lattices
show a significantly less percolation probability of a quan-
tum particle as compared to square lattices, and thus can
be potentially used to store a quantum states for a higher
amount of time. This has the potential application in cre-
ating lattices that may show higher coherence times than
rectangular lattices, regardless of the amount of disorder.
7(a) (b)
(c) (d)
FIG. 14. Fig. (a) shows a plot of percolation probability with time for various tilings. The points on the
quasicrystal tilings have been chosen to represent the highest and lowest percolation probabilities.
Figs. (b) and (c) show plots of percolation probability with time for various tilings, with 1% and 10% disconnected
edges, respectively. The points on the quasicrystal tilings were chosen to represent the highest and lowest
percolation probabilities. Plots were drawn for a hopping distance 40, and have been averaged over 50 runs. Fig. (d)
shows a plot of percolation probability with edge disconnection fraction for various tilings, for a hopping zone of
length 40 and time 200. The points on the quasicrystal tilings have been chosen to represent the highest and lowest
percolation probabilities. The quasicrystal tilings show a clearly smaller percolation probability with time for
different amounts of disorder, and the percolation probability also vanishes faster in the quasicrystal tiling as the
edge disconnection fraction increases.
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